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Vibration Mode Localization in One-Dimensional Systems

Wei-Chau Xie*and Xing Wang’
University of Waterloo, Waterloo, Ontario N2L3Gl1, Canada

A general method of regular perturbation for linear eigenvalue problems is presented, in which the orders of
perturbation terms are extended to infinity. The method of regular perturbation is employed to study vibration
mode localization in randomly disordered weakly coupled one-dimensional cantilever—spring chains. First-order
approximate results are obtained for the localization factors, which characterize the average exponential rates of

growth or decay of the amplitudes of vibration.

Nomenclature

A = diagonal matrix obtained from the main diagonal of

_ matrix A

A = Ny, N matrix _

aj, bj; = elements of matrix A as defined in Eq. (29)

a;j, b;; = underlying random variables for a/j, b/j

E[] = expected value

EI = expected value of EI;

ElL = flexural rigidity of the ith cantilever in the plane of the

_ meshes

EI, = nondimensional parameter defined in Eq. (A10)

H = vertical location of the coupling springs

K; = stiffness of the spring coupling the ith and the (i 4+ 1)th

o cantilevers ~ _ _

k, K =mean valuesof k;, K;

ki = normal stiffness per unit length of the ith mesh in the

o horizontal direction

ki, K;  =nondimensional parameters defined in Eq. (A10)

L = length of the cantilevers

m = expected value of m;

m; = mass density per unit length of the ith cantilever
including the mass lumped from the (i __1)th and ith
meshes

m; =nondimensional parameter defined in Eqg. (A10)

N = number of cantilevers or dimension of A

S = total number of substructuralmodes taken for each
cantilever

uy; = vector with all elements being zero except the jth

element of the Jth block, which is 1
u; = vector with all elements being zero except the jth
element, which is 1

u; = eigenvalue for the mode in which vibration is
originated at the jth cantilever

uj = ith element of vector u;

v;(y,t) = in-plane deflection of the ith cantilever

ij = generalized coordinates

= underlying random variable for ¢

= ith diagonal element of A or A

= parameter defined in Eq. (A4)

= underlying random variable for _
= ith off-diagonal element of the tridiagonal matrix A
» = parameter defined in Eq. (A4)

5 = Kronecker delta symbol

TR LE

=

JA = jth-order perturbation of matrix A

Jv = ith-order perturbationof v;, v, = v;

Jvy; = ith-order perturbationof Vv,

Ju; = ith-order perturbationof u;, Pu; = u;

Oy = coefficient of variation of the random variable X
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= amplitude of vibration of the th cantilever in the ith
substructuralmode in the Mth-order perturbation for
the mode in which vibration is originated at the Jth
cantilever in the jth substructuralmode

= kth element of vector 6" u;

= localization factor of the mode in which vibration is
originated at the jth cantilever

&'
A

My = mean value of the random variable X’

14 = underlying random variable for v

Vi = eigenvalue of the mode in which vibration is
originated at the Jth cantileverin the jth
substructuralmode

\/ = unperturbed value of V;

v = eigenvalue for the mode in which vibration is
originated at the jth cantilever

Ox = standard deviation of the random variable X

o = jth normal mode of the transverse vibration of a

cantilever, Eq. (A4)

I. Introduction

ECAUSE of defects in manufacturing and assembly, no struc-

tures designedas a periodic structure can be perfectly periodic.
Disorder can occur in the geometry of configuration and material
properties of the structure. The dynamical behavior of a disordered
periodic system could be significantly different from that of a per-
fectly periodic system. For a perfectly periodic structure, the vibra-
tion modes are of wavy shapes and extend throughoutthe structure,
whereas when the structure is disordered, vibration is confined to a
small region, with the amplitudes of vibration decaying exponen-
tially away from a center. This phenomenon is known as vibration
mode localization. The average exponential rates at which the vi-
bration amplitudes decay are the localization factors. It is therefore
of practical importance to determine the localization factors.

Since the pioneering work of Anderson on localization in dis-
ordered periodic systems in the field of solid state physics, much
work has been done during the past three decades. Several theoreti-
cal methods have been applied to study the localization phenomena
and to determine the localization factors. Ishii' studied localization
in one-dimensionalsystems by applying Furstenberg’s theorem? on
the limiting behavior of products of random matrices. Herbert and
Jones® and Thouless* employed a Green’s function formulation to
study the same systems and obtained expressionsforthe localization
factors in terms of the natural frequencies of the systems.

In structural dynamics, Hodges® was the first to recognize the
relevance of localization theory to dynamical behavior of periodic
engineering structures. Pierre and Dowell® studied the localization
phenomenon for disordered structural systems consistingof weakly
coupled component systems using a perturbation method. It was
found that the sensitivity to disorder depends primarily on the ratio
of disorder strength to coupling strength. For a small disorder-to-
coupling ratio, i.e., strong coupling, the disordered structure be-
haved like a perturbation of the corresponding perfect structure
and disorder had a relatively small effect. For a large disorder-to-
couplingratio, i.e., weak coupling, the disorderedstructurebehaved
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like a perturbationof the correspondingdecoupled disorderedstruc-
ture, and disorderdramatically changed the dynamics of the system.
Pierre’ studied the localization problem of vibration propagation
from a source of excitation in a mono-coupled cantilever-spring
chain using the method of perturbation. Cha and Pierre® studied the
transmission of steady-stateharmonic vibration from a local source
of excitation in a mono-coupled cantilever—spring chain with multi-
component mode substructures. A transfer matrix formulation was
used to derive first-order approximation of the localization factors
for strong and weak modal coupling.

Kissel’ and Ariaratnamand Xie!'? used a traveling wave approach
to investigate the localization effects on one-dimensional periodic
engineering structures. A transfer matrix formulation including
wave transfer matrices was used to model disordered periodicstruc-
tures. Furstenberg’s theorem for products of random matrices was
applied to calculate the localization factors as a function of fre-
quency. Cai and Lin!! developeda perturbationscheme to calculate
the localization factor based on a generic periodic structure.

Using the multiplicative ergodic theorem of Oseledec,!? Kissel'
derived the localization factors as a function of the transmission
matrix for multiwave disordered systems. The localization factor is
related to the smallest positive Lyapunov exponent of the system.
Xie and Ariaratnam'* !° studied vibration mode localizationin dis-
ordered cyclic structures with both single and multiple substructural
modes. The localization factors were determined by the method of
transfer matrix and the method of Green’s function.

The method of perturbation has been employed extensively to
study localization in disordered systems. However, in all of these
applications, only a small number of perturbation terms is usually
taken. In this paper, the method of regular perturbationis extended
to include perturbation terms of infinite orders. The free vibration
of weakly mono-coupled and multicoupled one-dimensional dis-
ordered systems is considered. First-order approximate asymptotic
results for the localization factors are obtained using the method of
regular perturbation.

Studies on the localization phenomenon in structural dynam-
ics have been restricted to one-dimensional structures. Because of
the degree of difficulty and the amount of computation involved
in studying higher-dimensional systems, no research work on the
localization in these systems has been published in the context of
structuraldynamics. These large higher-dimensionalperiodicstruc-
tures, such as two-dimensionalplanar lattice trusses, have important
applications in space station platforms. Localization in randomly
disordered higher-dimensional periodic structures is of both theo-
retical and practical importance. Employing the method of pertur-
bation presented in this paper, vibration mode localization in two-
dimensional disordered cantilever-spring arrays is studied in the
companion paper.'¢

II. Method of Perturbation for Linear
Eigenvalue Problems

The variations of the parameters of randomly disordered systems
can be consideredas perturbationsappliedto the systems. Therefore
the method of perturbationcan be employed to analyze localization
indisorderedsystems. Perturbationanalysis is efficient as compared
with a global eigenvalue analysis of the entire system and provides
physical insight into the localization phenomena. In this section, a
general method of regular perturbation for linear eigenvalue prob-
lems is presented.

Consider a linear eigenvalue problem

j=12... N (1)

If the main diagonal elements of_;d are much larger than the off-
diagonal elements in magnitude, A may be written as

A=A+ A+ _ +5A+ . )
where

A= diag{al, o, ..., aN} (3)

The eigenvalues and eigenvectors of A may be written as, for j =
1,2,..., N,

V= v+ v+ LA+ L.
] | 4)
u=u+ou+ ,,+8u+ ,,.

Once one substitutes Egs. (2) and (4) into Eq. (1), expands, and

collects terms of the same order, the Mth-order terms satisfy the
following equation:

i(SM—’"A(?"uj) = ﬁ:(SM—’"vj(?"uj),

For the unperturbed system, i.e., M = 0, Eq. (5) becomes

j=12,...,N
(5)

Allj:\/jllj, j:1a2a~‘aN (6)

Equation (6) is the unperturbedeigenvalue problem with eigenvalue
V; = oy and the correspondingeigenvector u;.
For M =1, Eq. (5) may be writtenas, for j = 1,2,..., N,

M_1
(A= VD3 n, 5"y, = 3O ="y 3w

M_1
_ Z(SM—"’AB"uj) (7

The mth-order perturbationof eigenvector 8" u;, m = 1,2, ..., M,
may be expressedas a linear combination of the unperturbed eigen-

vectors as
AI
8w = 3

where &), = .
Substituting Eq. (8) into Eq. (7) and multiplying Eq. (7) by u!
from the left results in, for M >1and j = 1,2,..., N,

j=12...,N (8)

]V
",'T(A—V;'I)Zsfk"k—"frgu"j"j

M_1 M_1
= u{[ Z(SM—"’\/}-&’.’]-) _Z(&”—”’A&’uj)] )
which may be simplified as
gi(vi —v)) —8"v4,
[ M_1 M_1
=u Z(SM—"’W&’W) _Z(S”—”’A&’uj)] (10)
Ifi = j, Eq. (10) becomes, for M >1,
M_1 M_1
My, = ujf.[ Z(&”—”’A&’uj)_Z(&”—mvja"uj)] (11)
Ifi 7{j, Eq. (10) leads to, for M =1,

i _ ulr[z}[‘fz_ol (8"-"A8"u;) _2‘14:_11 (5’”—”’\/1-8”%-)]

o Vi _ v

(12)
Substituting Eq. (8) into Eqgs. (11) and (12) results in
g Dm0 Yy w8 " Aw) N5 8",
i

Vv

iZj (13)
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M_1 N M_1
M, = Zzayjk(u{&f—muk) _ZSM—"’ng;jj (14)

The coefficient SM is determined by normahzmg the eigenvector
u;,ie., uTuj =1, and may be shown to be given by

N M_1
n [ _m
gl = Za" CENC (15)
If A= A+ SA, Egs. (13) and (14) reduce to, for M >1,
D AL S LTHRS » S LT

(16)

/Y

N M_1
v, = Zgj”_fk—l(ujSAuk) _Z&f—"’ngﬁj (17)

The general formulations of regular perturbation for a linear
eigenvalue problem derived in this section will be employed to in-
vestigate vibration mode localization in weakly coupled randomly
disordered one-dimensional cantilever-spring chains in the follow-
ing sections.

The method of regular perturbationpresented here has some lim-
itations. A major drawback of the method is that it can produce
secular terms. In each 8% term, there is a term (V; _ V) appearing
in the denominator, which means that, when the eigenvalues of the
unperturbed system are nearly identical, the results presented are
not valid. To overcome this problem, researchers have used other
methods such as the method of matched asymptotic expansion.!”
However, these results are applicable only to matrix A with small
values of N.

Therefore, the localization analysis performed in this study is
restricted to small ratios of perturbation (coupling) to disorder in o
(diagonal elements of matrix A) such that the terms 8M given by
Eq. (13) or (16) remain as small penurbatlons The cases of larger
ratios of perturbationto disorderin ¢ i.e., when the terms sj” given
by Eq. (13) or (16) cannot be regarded as small perturbations, will
be studied in future research.

III. Vibration Mode Localizationin Randomly
Disordered, Mono-Coupled Cantilever-Spring Chains
For clarity of presentation, consider first the case when the
cantilever-spring chain is mono-coupled, which is the result when
only one cantilever (substructural)mode is taken for each cantilever.
As derived in the Appendix, the equation of free vibration of a
cantilever-springchainis givenby a lineareigenvalueproblem (A9):

Au=Vu (18)

where A is a symmetric tridiagonal matrix given by Eq. (All).
When the coupling between any two adjacent cantilevers is weak,
namely, when ﬁ“ >>k +K ¢ (H), where j is the cantilever mode
considered, matrix A may be written as A = A + OA, where A =

dlag{al, o, .. aN} and
0 B
B o0 B
SA— . -
Bv.a 0 By
Bv_i 0

For the vibration mode in which vibration is originated at the
Jjth cantilever, the eigenvalue V; and the correspondingeigenvector
u; may be expressed in the form of Eq. (4). When one applies the

regular perturbation procedure presented in Sec. 11, the coefficients
g}’ of the Mth-order perturbationare given by, from Eq. (16),

SM,:ﬁ l+ﬁ jl+l—
o ViV
iFj. =12

The Mth-order perturbationof eigenvalue 8" v; is given by Eq. (17)
and is simplified as follows:

11 SV _m n
1:151L ng;'l

N (19)

M_1
=B_ . 1_1 + ﬁjgjuj +11 —ZSM_mng}jj (20

Because vibration is originated at the jth cantilever, for M = 0,
g, =12¢,=0,fori ],and(?’vj_vj_ajUsmgthe
method of mathematical idduction, it may be shown that, for all
positive integers M,

SMJ e =0, for k+ M odd, k<M

21
&v, =0, for  Modd
Furthermore, it is obvious that &, , = 0 forall k > M. For &}’;

substituting the first of Eqs. (21) info Eq. (15) leads to e

0, for M odd

P

N 22
5 Za’" a‘M =" for M even (22)

Therefore, for the vibrationmode in which vibration s originated
atthe jth cantilever,the extensionor “propagation”of vibrationis as
shown in Fig. 1, which is the result of the extensionof nonzeroterms
of &, ,to large values of k as M increases. The arrows indicate

J+
the dependence of the higher-orderperturbationterms on the lower-
order perturbation terms. For M = 0, only the jth cantilever is
vibrating, whereas for M = 1, three cantilevers G_Ljj+1D
are vibrating. In general, for the Mth-order perturbation, vibration
(perturbation)is extended to the (j 4 M)th cantilevers; hence there
are 2M + 1 cantilevers vibrating. ~—

Note that &), ,, depends only on &3', . In fact, from

M N
Eq. (19, ° ’
V4 ﬁJ+M _1
gf]+M vj—vj+M 8}]+M
— ﬁj+ﬂ1_l ﬁj+ M_2 ﬁj 60 (23)

Vi View Vi Viewon Vv T
Equation (23) may be used to determine a first-order approximation
of the localizationfactorofthe correspondingvibrationmode, which
characterizesthe averageexponentialrate of decay of the amplitudes

Cantilever M—~0 1 4 5 6 7 8 -
| R
L ——t
N T
j-6-——-- } “ ¢ o e
j-5-——— +—® o e ©
Jj-4-— - 4 © e _ 0O e
j-3-———1— o e i} o
J-2-——— ‘[ - - e © v o e
J-l-m——4—4 o e o e o0
J o} [} o . o .
JHl-—————3 o ® o e o
AR « o e o e
Jj+3 R o e o e ©
jt4-———— . o e o e
j+S-— > _©0 e o
j+6 - ﬁzi,,l o e
S »477777777774/& o

Fig.1 Extension of vibration of a mono-coupled one-dimensional sys-
tem: ., zero terms and .nonzero terms.
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of vibration. For the vibrationmode in which vibrationis originated
at the jth cantilever, the localization factor is defined as
A= lim _

(Zn |”;<; + M) |
M—o0 Ujj
For a first-order approximation, taking only the leading terms or
letting ;4 sy = €)', leads to

A= Jim (113 b £

j+Mi

(24)

Hence, because v; = ¢ for all i, substituting Eq. (23) into Eq. (24)

results in
) _ §
)"j = llm —Z&mla]_a]+m lflooﬁ Enlﬁ]+m l|
(25)

Using the definition of the expected value, Eq. (25) becomes
AV = E[&tlaj —ajl— E[fn |ﬁ|] (251)

For the special case when acand 3 are uniformly distributed ran-
dom variables with means L, and pg and standard deviations o,
and op, respectively, a simple analytical result for the localization
factor l may be obtained as

AV =1/ 3){(1/%)[(09‘ ) ﬂmlaj _aal_(aj —ba)

x 05 —bal —(1/ Gp)(bp b |bﬁ| —apte |aﬁ P} (26)
where a, = ,ua _ o= Ho+ and
bg= up+ 'J?ﬁahdity of Eqs and (26) depeqﬁ)n the
convergenc 23

Note that ecause only the leading term 8’”] + i 18 used in deter-
mining the localization factor A;, the results given by Eqs. (24-26)
are only first-order approximations of the localization factors.

Herbert and Jones® and Thouless* employed a Green’s function
formulation to study system (18) of dimension N and obtained the
exact expression for the localization factor of the mode correspond-
ing to the nondimensionalnatural frequency V;:

= dim | Y- SR
17]
j=12...,N (27
= E[&t|‘vj _‘v|] _E[&t|ﬁ|] (271)

(see Ref. 14 fora more detailed presentation). Equation (25) may be
easily obtained from Eq. (27). It is known that the zeroth-orderap-
proximationof V; is v = ¢ and the first-order correction &' v = 0.
Hence, the first-order approximationof V; is _\{1) = ¢. Substituting
_\{1) into Eq. (27) yields

1

) _ D
A= lim S Zaw
17]

S

) 1 N N_1
= Jm | e e - eppy | e
i7j
which is equivalentto Eq. (25) or (25/).

Although Eq. (24) is only a first-order approximation of the lo-
calization factor, the process of deriving Eq. (24) using the method
of regular perturbationprovides some insights into the phenomenon
of vibration mode localization in weakly coupled systems.

Similar resultsas Eqs. (25)and (26) have been obtained by Pierre’
for vibration propagationin weakly mono-coupledone-dimensional
cantilever-spring chains.

In Ref. 14, two numerical schemes were presented for evalu-
ating the localization factors of system (18), namely, the method
using a transfer matrix formulation and the method involving an
invariant probability density on a semicircle. Both schemes may be

5.6
5.4
ol \ /
4 N /
5.0 7 A
~ 4.8
46
4.4

42

4.0 T T T T T H T T T
7.5 8.0 8.5 9.0 95 100 105 110 115 120 125

v
Fig.2 Localizationfactors of a mono-coupledone-dimensionalsystem:
Mo =10,6x = 0.1, ug = _0.01, and g = 0.1; —, transfer matrix
method, N = 107; .perturbation method, N = 103 and M = 20.

0 N

20 / \
40 - / \
-60 - v A

-80

-100 | 4 R

-120 7

log ;|
\2\\

-140 e
-160 // \
180 1/ N

-200 T T T T T 7 T T
0 20 40 60 80 100 120 140 160 180 200

2

Fig. 3 Amplitudes of vibration of a mono-coupled one-dimensional
system: o = 10,85 = 0.1, ug = _0.01,85 = 0.1, M= 100, N = 2M
+1, j= M+ 1, & = 9.9960,V; = 9.9946, and A; = 1.8522; —, exact
(using all perturbation terms); — ——, approximate (using only end terms
i+ m)

implemented easily, and the results are considered as numerically
exact for a large number of iterations N.

In Fig. 2, numerical results for localization factors given by Eq.
(26) fora system with te = 10, & = qJJ,ua = 0.1, ug = _0.01,
&= ol l,uﬁ L: 0.1,and N = 1000 are compared with numerical
results obtained using the method of transfer matrix for N = 10 In
numerical simulation, a set of uniformly distributed random num-
bersoy, B, j = 1,2,..., N, are generated, and Eq. (26) is used to
determinethe localizationfactor A; of the mode in which vibrationis
originatedat the jth cantilever. The correspondingnondimensional
natural frequency V; is determined using Eqs. (4) and (20). It is
seen that the first-orderapproximate results given by Eq. (26) agree
very well with the numerical results obtained using the method of
transfer matrix.

A vibration mode is shown in Fig. 3 to illustrate localizationand
exponential decay (or growth) of the amplitudes of vibration. The
system consists of 201 cantilevers, and vibration is originated at
the 100th cantilever. The solid line representsthe exact eigenvector

u; obtained using Eqgs. (4) and (19) for M = 100, whereas the

dashed line shows only the end terms in the expression, i.e., €}, , .,
m=1,2,...,100.

IV. Vibration Mode Localizationin Randomly
Disordered Multicoupled Cantilever-Spring Chains
As derived in the Appendix, the equation of free vibration of

the multi-coupled cantilever-spring chain as shown in Fig. Al, in
which S substructural modes are taken for each cantilever, is given
by a linear eigenvalue problem (A9), where A is a symmetric block
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tridiagonal matrix given by Eq. (A10). For weak coupling, matrix
A may be written as A = A + OA, where

A=diag{a], A7, ..., ALY, A) = diaglai,, af), ..., ais}
A B
B A B
OA = ’ ’
Bv_» Ay_i By_ (29)
By 1 Ay

7 7 7 7
0 a4, ajy ... dais_1 dis

J J J J
~ ay 0 @y L a5, ;
A= : "t B; = [bu

7 7 7 7
agy dy 4y ... dys_ g O

From symmetry of matrix A, al, = aj,, bj; = bj,, and the value of
each element is given in the Appendix. The eigenvector is

u Ui

_ 14} _ Uy

u= , u; = , J=12,...,N
7’}\’ Uss

Because S substructural modes are considered for each cantilever,
there are S distinct frequency groups, each of which correspondsto
a cantilever mode.

For the vibration mode in which vibration is originated at
the Jth cantilever in the jth substructural mode, the unper-
turbed eigenvalue is v;; = a ; and the corresponding eigenvec-
tor is uy;. Following the regular penurbatlon procedure pre-
sented in Sec. II, the coefficient &)% ;; is given by, from Eq. (16),

f_1 {1 SM_
81” _ UZ(SASA ulj_ m_ISA mij811UJj)
Jj I —
S Vij —=Vii

—1 E;—l Jij uj, SAug;

Because vibration is originated at the Jth cantilever in the jth
substructural mode, the natural frequency of the system is in the
jth frequency group and the jth substructural mode is dominant
for each cantilever. If the frequency groups or the passbands are
well separated, the term 1/[V;; _ Vs a),;] is much larger than

[
V[V, — M+ ], and 81;1 (74 ;1 much larger than 81;1 U+ M

i=1,2,....8,i 7’ j. Therefore,
bj--+M_1
‘EJJM' j ~U—5%_TJI+M_1)]' (3D

(J+M
Ji( )] VJj —V(J+1L1)j

and one may take the norm of vector

" T
8%‘_(/+ M)S}

1
EJ+M {8%(/+M)1=EIJLJ(J+M)2V~=

as

M M
o] =] &in]
H J+ M J+ M 00

1
> 8%‘_(/+ M)S‘ }

= ‘ €+ M)j‘ (32)
From Egs. (31) and (32),

, 1 1
max { 8%.(]+M)1 > 8%.(]+M)2 >

M
| €4 u]
J+M_1
- ||
J¥M_1
Vii = Mi+Mmyj
Bl M1 Bl M2 b’

Q

<]
Vij —Mi+1))

(33)

Viji —Mi+myj .ij —VMi+M_1)j '

A first-order localization factor for the vibration mode in which
vibration is originated at the Jth cantilever in the jth substructural
mode is

[ _m
1—1"1:51L Vij E{(—l E;—l 7 Kk UKk

Vij —Vii
_ —12—1 J]Kk 51K 1+a,k51K+b,k51K+l) 2—12(—12_1 Jij 1vjj51i_Kk
Vij —Vii
7 _1 I 1 1 /1 I_1 11 1 _
2:1 gﬁj.(1+l)kbki + 2;} ‘EJJLj.Ik .+ 2:1 SIJLj.(I_l)kbik —_ =1 "5?1]'_1:'51L
B Vij —Vii
Using the same argument as presented in Sec. III, for the a0~ g
(M _ 1)th perturbation, the amplitudes of vibration of the (J 4 Jj = Eloo M H & +MH

M)th cantileversare zero in all substructuralmodes, whereas for the
Mth-orderperturbation,the amplitudes of vibrationof the (J -M)th
cantilevers depend only on those of the (J + M= l)th cantilevers,

respectively. Hence, fori = 1,2, ..., S,
11 J+M_1
V _ 2:1 8%.(/+M l)kb
T (J + M)i —
i i Vii — M+ myi
1
_ {bJ+M_1 pl+M_1 .bJ+M_1}
- i i2 'L iS
Viji — M+ myi ! !
f_
g.l;j (J+M_11
g1
JJ, (J+1LI 12 (30)

M1
Jj(J+M_1)S

thm —Zﬁnlvh_ (H,,,)jl_ lim —Zﬁn‘bum
= Jim —Za\ )~ Jim —Zﬁn‘b”’"

= E[tn]a] @M_qamﬂ (34)

]]_

From Eq. (34), it is clear that when the natural frequency is in the
jth frequency group, i.e., when vibration in the jth substructural
mode is dominant, the first-order approximate localization factor
is given by Eq. (34), which amounts to considering only the jth
substructural mode for each cantilever.

InRef. 15, the method of transfer matrix was applied to determine
the localization factors. For a system with S substructural modes,
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Mode 3

Mode 2

/ Mode 1

47 T T T T T T T
0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000

v

a) Three frequency groups

12

0 100 200 300 400 500 600

b) First two frequency groups
Fig.4 Localization factors of a multicoupled one-dimensional system:

K; = 0.00125, k; = 0.005,m; = 1.0, pi5; = 1.0, and 65 = 0.1; gmethod
of perturbation, N = 10%; —-— A;; —--— Ay; ——, A3, transfer matrix
method, N = 105; ———, only one substructural mode taken for each

cantilever, transfer matrix method, N = 105.

the dimension of the transfer matrices is 2.5 . 2S; hence there are S
positive Lyapunov exponents and S negative Lyapunov exponents.
The smallest positive Lyapunov exponent is the localization fac-
tor. However, in Ref. 15, no explanations were provided as to the
physical meanings of the first S _ 1 positive Lyapunov exponents.

For weak coupling, in the jth frequency group, the jth substruc-
tural mode is dominant and the smallest positive Lyapunov expo-
nent is approximately the Lyapunov exponent when only the jth
substructural mode is taken for each cantilever. The transition of
Lyapunov exponents from one frequency group to the other is of
particular interest, which may provide physical insight to the mean-
ings of all S positive Lyapunov exponents.

The localization factors of a cantilever-spring chain with N =
1000 cantilevers as given by Eq. (34) are plotted in Fig. 4 as
solid dots for K; = 0.00125, k; = 0.005, H = L, m; = 1.0,
i = 1,2,..., N, in which the first three substructural modes are
taken for each cantilever. The nondimensionalflexural stiffness E1;
of the ith cantilever is a uniformly distributed random number with
mean tiz7 = 1.0 and coefficient of variation &7 = 0.1. In this case,
k+4K = 0.0054+4,0.00125 = 0.01 ! (= 12.36). Hence, all
cantilevermodes ma}>f<be regardedas weakly coupled. The localiza-
tion factors are determined using Eq. (34), and the corresponding
natural frequenciesare determined using Eqs. (4) and (19), in which
only the jth substructuralmode is considered in the jth frequency
group. The localization factors when only one substructural mode
is taken for each cantilever are also evaluated using the method of
transfer matrix for N = 10; the results are plotted in Fig. 4 as
dashed lines. It is seen that these two results agree very well.

Mode 1

/ y
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Fig.5 Localization factors of a multicoupled one-dimensional system:

Ki = 0.125, k; = 0.5, m; = 1.0, p77 = 1.0, and 6E— = 0.1; gmethod
of perturbation, N= 103 —-— Ay;—--— Ay; —, 5\3, transfer matrix
method, N = 105; ———, only one substructural mode taken for each

cantilever, transfer matrix method, N = 105,

InRef. 15, a numerical procedure was presentedto evaluateall of
the Lyapunov exponents of a multicoupled system, i.e., S substruc-
tural modes are taken for each cantilever. The algorithmis employed
to determine the three positive Lyapunov exponents. As shown in
Fig. 4, the smallest positive (the third) Lyapunov exponent agrees
well, especially in the lower frequency groups, with the localization
factors obtained considering only one substructural mode in each
frequency group. Furthermore, the following is observed.

1) In the first frequency group, the first Lyapunov exponent is re-
lated to the third substructuralmode, whereas the second Lyapunov
exponent is related to the second substructural mode.

2) In the second frequency group, the first Lyapunov exponent is
related to the third cantilever mode, whereas the second Lyapunov
exponent is related to the first substructuralmode.

3) In the third frequency group, the first Lyapunov exponent is
related to the first cantilever mode, whereas the second Lyapunov
exponent is related to the second substructural mode.

However, these relationshipsin the third frequency group are not
as prominent as those in the first two frequency groups. Although
there are differences in the numerical values of the Lyapunov expo-
nents of a system and the localization factors of systems in which
only one substructuralmode is taken for each cantilever, the corre-
spondences and the trends can be clearly seen.

It is noted that the results obtained earlierare not restrictedto very
small values of the coupling spring stiffnesses. In Fig. 5, the three
positive Lyapunov exponentsof a cantilever-spring chain with N =
10° are plotted for moderate values of the coupling spring stiffnesses
K; = 0125,k =05 H=L,m =1.0,i =1,2,..., N, and
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uniformly distributed E; with gz, = 1.0 and &z, = 0.1. In this
casg,k+ 4K = 0.5+ 4 ,0.125 = 1.0, which is of the same order
as B = 12.36, whereas k + 4K 3} (= 485.48). Hence, the
first cantilever mode may not be considered as weakly coupled, and
the method of regular perturbation may not be applied, whereas all
other highermodes may be regarded as weakly coupled. When only
one substructuralmode is taken for each cantilever, the localization
factors obtained by the method of transfer matrix are shown in Fig. 5
as dashed lines and those obtained using the regular perturbation
methodare shownas soliddots. It is seenthat, even when some of the
lower cantilever modes may not be considered as weakly coupled,
similar relationships as noted earlier are also clearly observed.

V. Conclusions

In this paper, a general method of regular perturbation for lin-
ear eigenvalue problems was presented, in which the orders of the
perturbation terms were extended to infinity. The method of regu-
lar perturbation was applied to study vibration mode localization in
weakly coupled randomly disordered systems. For a mono-coupled
one-dimensional cantilever—spring chain, the nondimensional nat-
ural frequencies and vibration modes are given by the eigenvalues
and the correspondingeigenvectorsof a linear eigenvalue problem
of a symmetric tridiagonal form. By taking only the leading terms
8}”_1 -+ y In perturbation, first-order approximate results of the lo-
calization factors for weakly coupled systems were obtained. The
results were compared with numerical results obtained using the
method of transfer matrix; very good agreement was observed. For
a one-dimensionalcantilever-spring chain in which S substructural
modes are taken for each cantilever, the system is of a symmet-
ric block tridiagonal form. Approximate results for the localization
factors were obtained using the method of perturbation. When the
natural frequency is in the jth frequency group, the localization
factor of the vibration mode is approximately given by the local-
ization factor in which only the jth substructural mode is taken for
each cantilever. The approximate results were compared with nu-
merical results obtained using the method of transfer matrix; very
good agreement was seen. The derivation of localization factors us-
ing the method of regular perturbation provided some insights into
the phenomenon of vibration mode localization in weakly coupled
one-dimensionalsystems.

In the companion paper, the method of perturbationis employed
to study vibration mode localization in disordered two-dimensional
cantilever-spring arrays.

Appendix: Equations of Motion of Multicoupled
Cantilever-Spring Chains
Consider the free vibration of the multicoupled one-dimensional
cantilever-spring chain as shown in Fig. Al. The mass of the ith
mesh is assumed to be lumped on the surrounding cantilevers, i.e.,
the ith and the (i + 1)th cantilevers. For the ith cantilever, the
kinetic energy and the strain energy are

ro_m Lro ( t)zd
[1_2 0 atV’y’ y

EL [ '] & :
V= — vy, 0| d Al
3 1 P v )] y (A1)
For the ith spring and mesh, the strain energy is given by

L ki
v, = ] Ll 00—, OF dy
0

i

+ [Vi+l(Ha t)—Vi(Ha t)]z (Az)
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Fig. A1 Multicoupled one-dimensional cantilever—spring chain.

The deflection of the ith cantilever v;(y, £) may be written as

N
Vi(ya t):lej(t)¢j(y):X,T(t)¢(y)r i= 1525“‘5N
(A3)
where
X,'(l‘) = {X,'l, Xidyeuns X,'_g}T, ¢(y) = {¢1, ¢2, P ¢S}T

d,(y) = coshﬁjn_cos ﬁjn_&j(sinhﬁjn_sinﬁjn) (A4)
n=ylL

and, for the first three cantilever modes, the parameters are

A

o = 0.73409551, B = 1.87510407
0 = 1.01846732, B = 4.69409113

A

B = 7.85475744

A

o5 = 0.99922450,

The total kinetic energy of the cantilever-spring chain is

N N
m;

L
r= = g ] MO dr  (AS)
» » 0

and the total strain energy is

N

V= chi'F Vi)
N (ELL ,
= Z T]o [x[ (0" (1] dy
O 24
+E]0 {[ i+1(t)— ,(t)]¢(y)} y

K;
+ S0 =X 0] | (A6)

Substituting Egs. (AS5) and (A6) into the Lagrange’s equations of
motion
afory or ov _
dr\ 0x; | —ox;  Ox;
results, after some lengthy calculation, in the following equations
of motion:

0, i=1,2,...,N (A7)

m;Lx; (ki _ 1 LI+ K; 1 @p)x;_1 — (ki LI+ K;®p)x; 4
+ [(EI/ LBy + (ki + k) LI+ (K, + K)®y]% = 0
i=1,2...,N (A8)

~ L A A A
Bo=1 ] OB dy = ding BB B

O,y = ¢(I'D¢T(I'D

Seeking solutions of the form x; = (1/ m;)ue’™, i = 1,
substituting into Eqs. (A8), and nondimensiQuializingthe equations
lead to a symmetric linear eigenvalue problem

=1

(A9)
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where
A B _
B A B o
- . - 15}
A= . - R u=J .
By_>, Ay_1 By_: _
By_1 Ay iy

1 - A - - - -
A= =—[ELB,+ (ki_1 + k)I+ (K; _1 + K;)®4]

m;
1 - -
\7in7i+l
- 07 El - ki L
V= —, Qﬁ = —, ki =

« mL* EIl L
- K; J— El - m;
Ki= ——, I = —, m = —

EIl I3 EI m

If only the jth substructural mode is taken for each cantilever,
the symmetric block tridiagonal matrix A reduces to a symmetric
tridiagonal matrix:

o ﬁl -
ﬁl (07} ﬁz _1
- . . . - Uz
A= " " , u=J) .
Bv_> oav_i1 PByv_i _
By _i Oy Uy
(A11)

where

L ) L _
0 = =[ELPj+ ki1 + ki + (Ki_i + K) ¢, (H)]

m;
1 - -
B = [k + Ki§}(H)]

mim; 41

For system (A11) to t}jconsidered as weakly coupled, it is re-
quired that the magnitudes of the diagonal terms be much larger
than those of the off-diagonal terms. Hence, if the first mode can
be considered as weakly coupled, i.e., if B} k + 4K, because
¢1(L) = 2, then the coupling for higher modés”j becomes weaker
with the increase of the number j of the modes because the term ﬁ;‘
increases rapidly with the increase of j. Depending on the system
parameters, it is possible that the first j < J modes may not be
considered as weakly coupled, whereas the modes j >J may be
considered as weakly coupled if 5 sk + K¢ (H).
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